Solutions Tentamen Quantumfysica 1

Problem 1

a) A Hermitian (A = A™) means that (¢|A|yp) = (Ad|e) for all ¢, 1. Equiv-
alently, (¢]A|¢) should be real for all ¢.

b) With ¢ = d’(x»t),
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A stationary state is a state ¢(z,t) which can be separated as

Y(z,t) = T(t)u(z) = e_iﬁﬂuE(z)

for some energy E. Equivalently, (¥|f(z, p)|) should be constant for all
functions f of z and p.

c) Probability interpretation of quantum mechanics: |1(z, t)? is a probabil-
ity density. The total probability should be finite (after normalisation 1),
C)
/lw(x,t)lzdm < oo : square integrable.

d) Schrédinger picture: time dependence in wave functions. Heisenberg pic-
ture: time dependence in operators:
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A(t) = 5 A(0)e™ .

Problem 2

a) For 0 < z < L the Schrédinger equation solves as u;(z) = Asinkz, with
k? = %TQQ(E + Vo). For z > L, as up(z) = Be 9%, with ¢° = —2%‘}2, SO
k2 = 2—';’2‘—/9 — g%. Matching u; and uy and their derivatives at z = L gives
AsinkL = Be~? and kAcoskL = —qBe™ 9, so that gtankL = —k.

b) Minimum if ¢ — 0 but k¥ 4 0, implying k — Z % (otherwise lhs vanishes),

2h2
50 Vb 8ma? -

Problem 3

a) 1 = ((z,0)|y(x,0)) = N¥(
- (ugluqg)) = 5N?,s0 N =

UO+"'+U4|UO+"'U4)) = N2(<U0|U0) +

—~

Rug(z) 4+ o+ e TR uy(x)

g
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b) 9(z,t) = e Fp(z,0) = L (e

c) (¥(z,0)|Py(z,0))

= %(uo+u1+u2+U3+U4]uo—u1+u2—-U3+U4)=
f1-1+1-1+1)=

1
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d) P(+1) = 2l (States with + 1) = 3(| (uolw(2,1)) 2 + | (uzl(z, 1)) |* +
| (uslyp(=z, 1)) °) =

e) Yi(z,t) = %( _%Q't (z) + e‘i%ﬁug(z) + e_%ﬁU4(:r)).

f) P(Ep) = |e(Eo)2 = 3| (uolts(,1)) |2 = L.

g) Hu, = (n+ Yhwun, so (Y(z,0)|H|Y(z,0)) = %%‘5 (uo + - - + uglug + 3uy + Sug + Tuz + Yug) =
S hw.
2

h) (Yi|Hpy) = %%“’ (uo + u2 + uslug + Sup + Yus) = 2hw.
i) ¥(z,t) = J5(¥(,0) - ¥(~2,0)).

Problem 4
a) (XY)* =Y+X"*, so (BTB)* = B*B, so AT = A.
b) [B¥,B]=B*B-BBt+=A-3-(A—1) = -2.
¢) [A,B]=[B*B+3,B]=[B*B,B]=[B*,B]B = -2B.
d) ABy = BAW + [A, Bly = Bay — 2By = (a — 2) By, so By is an eigen-

function of A with eigenvalue a — 2.

Problem 5

a) Correspondence principle: classical relations between variables hold for
the expectation values of the corresponding quantum operators.

b) (), denotes ((z,t)| - [1(z,t)). H = Z=, so

d{z), _ — =
2t (m, H]), = ([a(0), H]g =

whence the statement.

(i2,9%) = == (olo, 7] + 2, lp)o = = (o)
0
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c) Now ()5 denotes (¢(p, t)| - |#(p,t)) (different basis). ¢(p,t) = e~ & ¢(p,0);

= zha—p, SO

@, = [& 01600
= in [ 4p,1) o blp, )
- m/e%’;%w(p, 0)5‘9; (e-%’;:z%¢(p,0)> dp
= it ([ 00,022 - 56,0 2o, 010p)
= (z)o+ %t.

Whee Ky Ma, 09031999



